In this paper, we introduce the two-variable truncated Fubini polynomials and numbers and then investigate many relations and formulas for these polynomials and numbers, including summation formulas, recurrence relations, and the derivative property. We also give some formulas related to the truncated Stirling numbers of the second kind and Apostol-type Stirling numbers of the second kind. Moreover, we derive multifarious correlations associated with the truncated Euler polynomials and truncated Bernoulli polynomials.
Introduction
The classical Bernoulli and Euler polynomials are defined by means of the following generating functions:
t n n! = t e t − 1 e xt (|t| < 2π) (1) and:
see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] for details about the aforesaid polynomials. The Bernoulli numbers B n and Euler numbers E n are obtained by the special cases of the corresponding polynomials at x = 0, namely:
B n (0) := B n and E n (0) := E n .
The truncated exponential polynomials have played a role of crucial importance to evaluate integrals including products of special functions; cf. [11] , and also see the references cited therein. Recently, several mathematicians have studied truncated-type special polynomials such as truncated Bernoulli polynomials and truncated Euler polynomials; cf. [1, 4, 7, 9, 11, 12] . (cf. [7] ) .
Upon setting x = 0 in (4) and (5), the mentioned polynomials (B m,n (x) and E m,n (x)), reduce to the corresponding numbers: B m,n (0) := B m,n and E m,n (0) := E m,n (6) termed as the truncated Bernoulli numbers and truncated Euler numbers, respectively.
Remark 1.
Setting m = 0 in (4) and m = 1 (5), then the truncated Bernoulli and truncated Euler polynomials reduce to the classical Bernoulli and Euler polynomials in (1) and (2).
The Stirling numbers of the second kind are given by the following exponential generating function:
or by the recurrence relation for a fixed non-negative integer ζ,
where the notation (x) µ called the falling factorial equals x (x − 1) · · · (x − µ + 1); cf. [2] [3] [4] [5] [7] [8] [9] [10] 13] , and see also the references cited therein. The Apostol-type Stirling numbers of the second kind is defined by (cf. [8] ):
The following sections are planned as follows: the second section includes the definition of the two-variable truncated Fubini polynomials and provides several formulas and relations including Stirling numbers of the second kind with several extensions. The third part covers the correlations for the two-variable truncated Fubini polynomials associated with the truncated Euler polynomials and the truncated Bernoulli polynomials. The last part of this paper analyzes the results acquired in this paper.
Two-Variable Truncated Fubini Polynomials
In this part, we define the two-variable truncated Fubini polynomials and numbers. We investigate several relations and identities for these polynomials and numbers.
We firstly remember the classical two-variable Fubini polynomials by the following generating function (cf. [2, 3, 5, 6, 10, 13] ):
When x = 0 in (10), the two-variable Fubini polynomials F n (x, y) reduce to the usual Fubini polynomials given by (cf. [2, 3, 5, 6, 10, 13] 
It is easy to see that for a non-negative integer n (cf. [2] ):
and (cf. [3, 5, 6, 10, 13] ):
Substituting y by 1 in (11), we have the familiar Fubini numbers F n (1) := F n as follows (cf. [2, 3, 5, 6, 10, 13] ):
For more information about the applications of the usual Fubini polynomials and numbers, cf. [2, 3, 5, 6, 10, 13] , and see also the references cited therein.
We now define the two-variable truncated Fubini polynomials as follows. 
In the case x = 0 in (15), we then get a new type of Fubini polynomial, which we call the truncated Fubini polynomials given by:
Upon setting x = 0 and y = 1 in (15), we then attain the truncated Fubini numbers F m,n defined by the following Taylor series expansion about t = 0:
The two-variable truncated Fubini polynomials F m,n (x, y) cover generalizations of some known polynomials and numbers that we discuss below.
Remark 2.
Setting m = 0 in (15), the polynomials F m,n (x, y) reduce to the two-variable Fubini polynomials F n (x, y) in (10).
Remark 3.
When m = 0 and x = 0 in (15), the polynomials F m,n (x, y) become the usual Fubini polynomials F n (y) in (11).
Remark 4.
In the special cases m = 0, y = 1, and x = 0 in (15), the polynomials F m,n (x, y) reduce to the familiar Fubini numbers F n in (14).
We now are ready to examine the relations and properties for the two-variable Fubini polynomials F n (x, y), and so, we firstly give the following theorem.
Theorem 1.
The following summation formula:
holds true for non-negative integers m and n.
Proof. By (15), using the Cauchy product in series, we observe that:
which provides the asserted result (18).
We now provide another summation formula for the polynomials F m,n (x, y) as follows.
Theorem 2.
The following summation formulas:
and:
are valid for non-negative integers m and n.
Proof. From (15), we obtain:
and similarly:
which yield the desired results (19) and (20).
We here define the truncated Stirling numbers of the second kind as follows:
Remark 5. Upon setting m = 0 in (21), the truncated Stirling numbers of the second kind S 2,m (n, k) reduce to the classical Stirling numbers of the second kind in (8) .
The truncated Stirling numbers of the second kind satisfy the following relationship.
Proposition 1. The following correlation:
Proof. In view of (8) and (21), we have:
which gives the claimed result (22).
We present the following correlation between two types of Stirling numbers of the second kind.
Proposition 2. The following correlation:
which presents the desired result (23).
A relation that includes F m,n (x) and S 2,m (n, k) is given by the following theorem.
Theorem 3. The following relation:
is valid for a complex number x with |x| < 1 and non-negative integers m and n.
Proof. By (16) and (21), we see that:
which implies the desired result (24).
We now state the following theorem.
Theorem 4.
The following identity:
holds true for a complex number x with |x| < 1 and a positive integer n.
Proof. By (9) an (16), using the Cauchy product in series, we observe that:
which provides the asserted result (25).
We now provide the derivative property for the polynomials F m,n (x, y) as follows.
Theorem 5. The derivative formula:
holds true for non-negative integers m and a positive integer n.
Proof. Applying the derivative operator with respect to x to both sides of the equation (15), we acquire: A recurrence relation for the two-variable truncated Fubini polynomials is given by the following theorem.
Theorem 6. The following equalities:
hold true for non-negative integers m and n.
Proof. Using Definition 1, we can write:
Because of:
we obtain:
Thus, we arrive at the following equality:
Comparing the coefficients of both sides of the last equality, the proof is completed.
Theorem 6 can be used to determine the two-variable truncated Fubini polynomials. Thus, we provide some examples as follows. Example 1. Choosing m = 1, then we have F 1,0 (x, y) = 0. Utilizing the recurrence formula (27), we derive:
Thus, we subsequently acquire:
Furthermore, choosing m = 2, we then obtain the following recurrence relation:
which yields the following polynomials:
By applying a similar method used above, one can derive the other two-variable truncated Fubini polynomials.
Here is a correlation that includes the truncated Fubini polynomials and Stirling numbers of the second kind.
Theorem 7.
For non-negative integers n and m, we have:
Proof. By means of Theorem 1 and Formula (8), we get:
which completes the proof of this theorem.
The rising factorial number x is defined by (x) (n) = x (x + 1) (x + 2) · · · (x + n − 1) for a positive integer n. We also note that the negative binomial expansion is given as follows:
for negative integer −n and |x| < a; cf. [7] . Here, we give the following theorem.
Theorem 8.
The following relationship:
holds true for non-negative integers n and m.
Proof. By means of Definition 1 and using Equations (7) and (29), we attain:
which gives the asserted result (30).
Therefore, we give the following theorem.
Theorem 9.
Proof. By means of Definition 1, we see that:
Thus, we get:
F m+1,n (x, y) t n n! and then:
which provides the claimed result in (31).
Here, we investigate a linear combination for the two-variable truncated Fubini polynomials for different y values in the following theorem.
Theorem 10. Let the numbers m and n be non-negative integers and y 1 = y 2 . We then have:
Proof. By Definition 1, we consider the following product:
which gives the desired result (32).
Correlations with Truncated Euler and Bernoulli Polynomials
In this section, we investigate several correlations for the two-variable truncated Fubini polynomials F m,n (x, y) related to the truncated Euler polynomials E m,n (x) and numbers E m,n and the truncated Bernoulli polynomials B m,n (x) and numbers B m,n .
Here is a relation between the truncated Euler polynomials and two-variable truncated Fubini polynomials at the special value y = − 1 2 .
Theorem 11. We have:
Proof. In terms of (5) and (15), we get: We now state the following theorem, which includes a correlation for F m,n (x, y), F m,n (y) and E m,n (x).
Theorem 12. The following formula: is valid for non-negative integers m and n.
Proof. By (5) and (15), we acquire that: We finally state the relations for the truncated Bernoulli and Fubini polynomials as follows. 
is valid for non-negative integers m and n.
